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1. INTRODUCTION
$F$ , $\mathit{0}_{F}$ $F$ . $K/F$ Galois
, $G:=Ga\iota(K/F)$ Galois . , $\alpha\in \mathit{0}_{K}$
, $\{s(\alpha)\}s\in G$ $\mathit{0}_{K}$ free $\mathit{0}_{F}$-basis , Galois $K/F$






1. $M$ $I\mathrm{f}/F$ , $M/F$ Galois .
, $I\iota’/F$ NIB , $\alpha\in \mathit{0}_{K}$ $K/F$ NIB , $\tau_{r_{R^{r}/M}}(\alpha)$
$M/F$ NIB . , $M$ $F$ NIB $I\iota’$
$F$ NIB .
, NIB .
, NIB , , Hilbert (1897)
( , NIB Normalbasis ([9, \S 105 (p.216); cf. \S 3])):
2(Hilbert). ([9, Satz 132]) $F:=\mathbb{Q}$ , $K/\mathbb{Q}$ $n$ Abel .
, $n$ $IC/\mathbb{Q}$ $K/\mathbb{Q}$ NIB .
$K/\mathbb{Q}$ $\overline{\mathrm{t}}\mathrm{a}\mathrm{m}\mathrm{e}\mathrm{l}\mathrm{y}$ ramffied . , Galois
$K/F$ NIB tamely ramified (cf. [10, Theorem
13]). , $K/\mathbb{Q}$ NIB tamely
ramified , (Hilbert-Speiser ). , Kummer
Stickelberger , Hilbert 2
([9, Satz 136 ]; , Satz 89
(Washington [15, Remarks, (2)]) $)$ . , Hilbert
, Stickelberger , Fr\"ohlich [4] .
$\mathbb{Q}$ , Abel Galois , Taylor (1981)
.
3(Taylor). (Cf. [10, Theorem 21]) $F:=\mathbb{Q}$ , $K/\mathbb{Q}$
tamely ramffied Galois . , $K/\mathbb{Q}$ NIB .
$F$ $\mathbb{Q}$ , , [ $10|$
. , Brinkhuis Abel $K/F$
.
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4(Brinkhuis). ([1, Corollary 2.10] [2, Corollary 2.1]) $F$
, $K/F$ $F$ Abel . ,
$Gal(Ic/F)$ $(2, \cdot\cdot \tau, 2)$ , $K/F$ NIB .
( 13). NIB
. $F$ $\mathfrak{m}$ , $F(\mathfrak{m})$ $F$ mod $\mathfrak{m}$ the ray class field
. , $F(1)$ $F$ Hilbert , $hp:=[F(1) : F]$ .
5. $\mathfrak{m}$ , tamely ramified Abel $F(\mathfrak{m})/F$
normal integral basis . , .
$\mathfrak{m}$ , $F(\mathfrak{m})/F$ tamely ramified ,
. $F=\mathbb{Q}$ $F(\mathfrak{m})$ ,
, $F(\mathfrak{m})/F$ NIB . , $F\subset k\subset K<\subset F(\mathfrak{m})$ ,
$K/k$ NIB . [11, Theorem 53] , $F=\mathbb{Q}$ $\mathfrak{m}=p\infty$
$K/k$ NIB ($p$ , $\infty$ $\mathbb{Q}$ -
). , 2 , $K/k$ NIB
. , $F$ .
$F$ 2 5 . $F$ 2 ,
, .
, $F=\mathbb{Q}$ , . , $F(\mathfrak{m})/F$
relative integral basis (RIB ) .
, NIB . .
6. $F$ , $\mathfrak{m}$ $F$ . $F$
$h_{F}$ . , $F(\mathfrak{m})/F$ RIB .
. $K:=F(\mathfrak{m}),$ $n:=[K : F]$ . $\mathfrak{p}_{1},$ $\cdots,$ $\mathfrak{p}_{S}$ $\mathfrak{m}$ $\mathfrak{m}_{0}$
. $1\leq\forall i\leq s$ , $e_{i},$ $f_{i},$ $g_{i}$ $K/F$
, , . , $\mathfrak{p}_{i}$ $\mathit{0}_{K}$
, 1 . $D_{K/F}$ $K/F$ , $Z_{i}$ $\mathfrak{p}_{i}$ $K/F$
. $\forall\sigma\in Z_{i}$ , $\mathfrak{P}_{i}^{\sigma}$ $K/F$ tamely ramified
, $\mathrm{o}\mathrm{r}\mathrm{d}_{\mathfrak{P}^{\sigma}}.\cdot(D_{K/F})=ei-1$ . ,
$D_{K/F}$ . $=i \prod_{=1}^{S}\prod_{\sigma\in Zi}\mathfrak{P}i(e_{i}-1)\sigma$ .
$d_{K/F}$ $K/F$ , $N_{K/F}\mathfrak{P}_{i}^{\sigma}=N_{h’}/F\mathfrak{P}i=\mathfrak{p}_{i}^{f}i$ ,
(1) $d_{K/F}=NK/FD_{\mathrm{A}}.r/F= \prod e\prod \mathfrak{p}_{i}^{(e:,-1)}f.\cdot=\prod \mathfrak{p}_{i}^{(1)f:g:}S\mathrm{e}_{i}-$ .
$i=1\sigma\in Z_{i}$ $i=1$
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$i(1\leq i\leq S)$ ,
$e_{i}fig_{i}=n=[K : F(\mathrm{m}\mathfrak{p}_{i}^{-1})][F(\mathfrak{m}\mathfrak{p}^{-1}i) : F(1)]hp$ .
$\mathfrak{m}$ , $\mathfrak{p}_{i}\{\iota \mathfrak{n}\mathfrak{p}_{i}-1$ . , $\mathfrak{p}_{i}$ $p(\mathfrak{m}\mathfrak{p}_{i}^{-1})/F$
. , $e_{i}|[K$ : $F(\mathfrak{m}\mathfrak{p}_{i}^{-}1)|$ . , $h_{F}|$ figi. (1)
$d_{K/p}$ . , Artin , $\theta$
$\mathrm{A}^{\nearrow}/F$ $(K=F(\theta))$ , $\mathit{0}_{F}$ $a$ ,
$d_{K/}F=dK/F(1, \theta, \theta^{2}, \cdots, \theta^{n-1})\emptyset^{2}$ . , $d_{K/F}(1, \theta, \theta^{2}, \cdots, \theta^{n-1})$
1, $\theta,$ $\theta^{2},$ $::.\cdot,$ $\theta^{n-1}$ $K/.F$ . , $K/F$ RIB
+ $\alpha$ ([3, 3 , 49 2
410] ). , $a^{2}$ ,
$h_{F}$ $\alpha$ . , $K/F$ RIB . $\text{ }$
2. ( $K^{\mathfrak{p}}$ )
$F$ 2 5 . $F$ $h_{F}>1$ 2
, 13 $F(\mathfrak{m})/F$ ‘ ’ NIB .
, $h_{F}=1$ 5 \acute \supset . , $F$
2 , 34 $F(\mathfrak{m})/F$ NIB . ,
5 . , 1 $\iota \mathfrak{n}$
. .
7. ( $K^{\mathfrak{p}}$ ) $F$ , $\mathfrak{p}$
$\mathit{0}_{F}$ . $a_{\mathfrak{p}}.:=[F(\mathfrak{p}) : F(1)]$ , $a_{\mathfrak{p}}$
. , $F(\mathfrak{p})/F$ 2 $K/F$ – .
, $F(\mathfrak{p})/\dot{F}(1)$ , 2 $M/F(1)$ –
. , $M/F$ Abel , $F(1)/F$ , $M/F$
2 $\mathrm{A}’/F$ – . , $\mathfrak{p}$ –
$K$ $K^{\mathrm{p}}$ . $\mathfrak{p}$ \dagger 2 $K^{\mathfrak{p}}/F$ tamely ramified
, $\mathfrak{p}$ . $\square$
$K^{\mathfrak{p}}/F$ NIB , 1 $F(\mathfrak{p})/F$ NIB
. , $[F(\mathfrak{p}) : F]=2$ $K^{\mathfrak{p}}/F$ NIB , $p(\mathfrak{p})/F$
NIB . $\mathfrak{m}=\mathfrak{p}$ 5
( , ). , 19
21, 22, 24, 27, 28, 29, 30, 31, 32 .
8. , $a_{\mathfrak{p}}$ , $K^{\mathfrak{p}}/F$ NIB , $\mathfrak{p}$ $F/\mathbb{Q}$
$\mathit{0}_{F}$ .
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9. G\’omez Ayala and Schertz [7, Satz 1] : $F=$
$\mathbb{Q}(\sqrt{m}),$ $m=-2,$ $-11,$ $-19,$ $-43,$ $-67,$ $-163(h_{F}=1)$ , $K^{\mathfrak{p}}/F\text{ }$ ,
$F(\mathfrak{p})/F$ NIB $\mathit{0}_{F}$ $\mathfrak{p}$ .
- , $F$ 2
( 37 38 ).
$F$ :
$S_{4}:=$ { $xo_{F}|x\in F^{\cross},$ $x\equiv 1$ mod 4 $x$ }.
$K^{\mathfrak{p}}/F$ 2 , NIB .
10. 7 , $K^{\mathfrak{p}}/F$ NIB , $\mathfrak{p}\in S_{4}$
. $\mathfrak{p}=\pi \mathit{0}_{F}$ , $\pi\in \mathit{0}_{F},$ $\pi\equiv 1$ mod 4 $\pi$ , $\{(1+$
$\sqrt{\pi})/2,$ $(1-\sqrt{\pi})/2\}$ $\mathit{0}_{K^{\mathrm{p}}}$ free $0_{F}$-basis .
11. $\in S_{4}$ , $\mathfrak{p}$
$\pi$ . $a_{\mathfrak{p}}$ ,
. , $F$ 2 , 2
, $\mathfrak{p}$ $F/\mathbb{Q}$ $a_{\mathfrak{p}}$ ( 18 36
$\text{ })$ .
[13] , G\’omez Ayala and Schertz [7] .
– : $F$ 2 , $[F(\mathfrak{p}) : F]=2$
, $F(\mathfrak{p})/F$ NIB , $\mathfrak{p}$
( ; ).
[7] ,
1996 2 25 . ,
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, 1997 3 ,
. ,









. , , . ,
6 . ,
.
12. 1999 1 , [6] [8] . , [13]
. Section 4 $F$ 2
, . ,
$F(\mathfrak{p})/F(1)$ NIB . $\square$
3. 2
, $F=\mathbb{Q}(\sqrt{m})$ 2 . , $m\in \mathbb{Z}$ $m>1$
, . $\epsilon(>1)$ $F$ .
$F$ 1 , 4 $F$ 1
.
13. $g$ $(\mathit{0}_{F}/4_{\mathit{0}_{F}})^{\mathrm{X}}$ $\epsilon$ mmod 4 . $h_{F}>1$
. , $F(1)/F$ NIB , $h_{F}=2$
$g$ , , $\{(1+\sqrt{\epsilon^{g}})/2, (1-\sqrt{\epsilon^{g}})/2\}$ $\mathit{0}_{F(1)}$
free $0_{F}$-basis . , $h_{F}\neq 2$ $g$ , $F$ (
) $\mathfrak{m}$ $F(\mathfrak{m})/F$ NIB .
14. $(\mathit{0}_{F}/4\mathit{0}_{F})^{\cross}$ , $g|2,4$ 6 (cf. [14,
Proposition 1 ]). , $g$ $g=1$ 3. $m=$
$39,55,66,105,114,146,155,178,203$ , $h_{F}=2$ $g=1$ . $m=205,221$
, $h_{F}=2$ $g=3$ .
13 , 5 . , 1
2 . , 1 ,
2 . , $h_{F}$
. , genus theory $m$ :
Case 1 $m=\ell$ , $\ell$ : , $p\equiv 3$ mod 4,
Case 2 $m=p_{1}\ell_{2}$ , $p_{1}$ : , $P_{1}\equiv 3$ mod 4, $p_{2}:=2$ ,
Case 3 $m=p_{1}\ell_{2}$ , $\ell_{i}$ : , $P_{i}\equiv 3$ mod 4 $(i=1,2)$ ,
Case 4 $m=\ell$ , $l$ : , $P\equiv 1$ mod 4,
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$m=2$ ([5, Corollary of Theorem 2.17]). 3 , $N_{F/\mathbb{Q}}\epsilon=1$
, 2 $N_{F/\mathbb{Q}}\epsilon=-1$ .
, $\mathfrak{p}$ $p$ $\mathit{0}_{F}$ .
10 , $\mathfrak{p}$ $F/\mathbb{Q}$ .
$\mathfrak{p}$ , , .
15. $\mathfrak{p}$ $F/\mathbb{Q}$ $F=\mathbb{Q}(\sqrt{m})$ Case 4
2 , $m\equiv 1$ mod 8 ( 2
, 2{ $a_{\mathfrak{p}}$ ). , 2 $|a_{\mathfrak{p}}$ $I\acute{\mathrm{t}}^{\mathfrak{p}}/F$ NIB .
, $F(\mathfrak{p})/F$ [11, Proposition 4.5]
.
16. $F=\mathbb{Q}(\sqrt{m})$ 1 2 . \sim $F/\mathbb{Q}$
. Case $1\sim 3$ $p\neq 3$ , Case 4 $p-1$ 2 $(p\neq 5$
$p\equiv 5$ mod 8 $p-1$ 2 ) . , $F(\mathfrak{p})/F$
NIB .
17. $m=p=41$ . , $F$ Case 4 , . $h_{F}=1$ ,
$[F(\mathfrak{p}) : F]=(p-1)/4=10$ . 15 $K^{\mathfrak{p}}/F$ NIB , 16
$p(\mathfrak{p})/F$ { NIB . $\square$
18. $F/\mathbb{Q}$ . , 2 $|a_{\mathfrak{p}}$ (
{ , $N_{F/\mathbb{Q}}\epsilon=1$ “ $N_{F/\mathbb{Q}}\epsilon=-1$ $p\equiv 1$ mod 4”
). , $m\equiv 2$ mod 4 $\epsilon\equiv 1+2\sqrt{m}$ mod 4 , $K^{\mathfrak{p}}/F$
NIB $\Leftrightarrow p\equiv 1$ mod 4. $I\mathrm{t}^{\prime \mathfrak{p}}/F$ NIB .
19. $F$ $\mathrm{C}\mathrm{a}\mathrm{s}\mathrm{e}2$ . $\delta:=1$ 3 . ,
$p\equiv\delta$ mod 4 , $F/\mathbb{Q}$ $p$ . ,
$m\equiv 2$ mod 4 $\epsilon\equiv 1+2\sqrt{m}$ mod 4 ( $m=6,22,38,86,118$, $\cdot$ . .
), $K^{\mathfrak{p}}/F$ NIB ,
. $\square$
, $\mathfrak{p}$ , $F/\mathbb{Q}$
.
$\mathfrak{p}=\pi \mathit{0}_{F}$ $\pi>0$ $\pi\in 0_{F}$ 1 . $\pi$ $F/\mathbb{Q}$
$\pi’$ . $\pi=a+b\omega(a, b\in \mathbb{Z})$ . , $m\not\equiv 1$ (resp.
$m\equiv 1)$ mod 4 $\omega:=\sqrt{m}$ (resp. $:=(1+\sqrt{m})/2$ ) . , $m\equiv 1$
mod 4 $M:=(m-1)/4$ .
20. $F=\mathbb{Q}(\sqrt{m})$ Case 1 2 . 2 $|a_{\mathrm{P}}$ (
, $p\equiv 1$ mod 8 ). ,
(I) Case 1 , $K^{\mathfrak{p}}/F$ NIB .
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(II) Case 2 , $a$ , $\epsilon$ mod 4 2
, .
(i) $\epsilon\equiv-1\mathrm{m}\circ \mathrm{d}4$ , $p\equiv 1$ (resp $\equiv 9$) $\mathrm{m}\circ \mathrm{d}16$ , $K^{\mathfrak{p}}/F$
NIB $\Leftrightarrow a\equiv\pm 1$ (resp. $\equiv\pm 3$ ) mod 8.
(ii) $\epsilon\equiv 1+2\sqrt{m}\mathrm{m}\circ \mathrm{d}4$ , $K^{\mathfrak{p}}/F$ NIB $\Leftrightarrow a\equiv 1$
mod 4.
21 (Case 2; (II-i)). $m=2:7$ , $h_{F}=1,$ $\epsilon=15+4\sqrt{m}\equiv-1$ mod 4.
22 (Case 2; (II-ii)). $m=2\cdot 3$ , $h_{F}=1,$ $\epsilon=5+2\sqrt{m}\equiv 1+2\sqrt{m}$
mod 4.
23. $F=\mathbb{Q}(\sqrt{m})$ Case 3 . 2 $|a_{\mathfrak{p}}$ ( , $p_{1}$
$\mathrm{m}\circ \mathrm{d}p$ , $\pi’>0$ ). , $\epsilon$
mod 4 3 , .
(i) $\epsilon\equiv-1$ mod 4 , $m\equiv 1$ mod 8 $K^{\mathfrak{p}}/F$ NIB .
$m\equiv 5$ mod 8 , $K^{\mathfrak{p}}/F$ NIB $’\supset$ $b$
.
(ii) $\epsilon\equiv M+1+\omega$ $-(M+\omega)$ mod 4 , $K^{\mathfrak{p}}/F$ NIB .
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24 (Case 3; $(\mathrm{i})$). $m=3\cdot 47=141\equiv 5$ mod 8 , $h_{F}=1$ , $\epsilon=$
$87+16\omega\equiv-1$ mod 4.
25. $F=\mathbb{Q}(\sqrt{m})$ Case 4 . 2 $|a_{\mathfrak{p}}$ . , $\epsilon$
mod 4 3 , .
(i) $\epsilon\equiv(1-2M)\sqrt{m}$ mod 4 , $I\acute{\mathrm{t}}^{\mathfrak{p}}/F$ NIB $\Leftrightarrow\pi\equiv 1$
$(1-2M)\sqrt{m}$ mod 4.
(ii) $\epsilon\equiv M-1+\omega$ $M-2+\omega \mathrm{m}\circ \mathrm{d}4$ , $m\equiv 5$ mod 8 ,
$K^{\mathfrak{p}}/F$ NIB $\Leftrightarrow\pi\equiv 1,$ $M+\omega,$ $-(M+1+\omega),$ $1+2\omega,$ $M-2+\omega$
$M-1+\omega$ mod 4.
26. $a_{\mathfrak{p}}$ . , 20, 23
$a_{\mathfrak{p}}$ Case
. Case 4 .
27 (Case 4; $(\mathrm{i})$ ). $m=409\equiv 1$ mod 8 , $h_{F}=1,$ $\epsilon=$ 106387620283+
$11068353370_{\omega}\equiv 3+2\omega\equiv\sqrt{m}$ mod 4.
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28 (Case 4; $(\mathrm{i})$). $m=37\equiv 5$ mod 8 , $h_{F}=1$ , $\epsilon=5+2\omega\equiv$
$1+2\omega\equiv-\sqrt{m}$ mod 4.
29 (Case 4; $(\mathrm{i}\mathrm{i})$ ). $m=2293\equiv 5$ mod 16 , $h_{F}=1,$ $\epsilon=$
$21890901812+933807029\omega\equiv\omega$ mod 4.
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30 (Case 4; $(\mathrm{i}\mathrm{i})$ ). $m=2749\equiv 13$ mod 16 , $h_{F}=1,$ $\epsilon=$
$57581648522+2239184645\omega\equiv 2+\omega$ mod 4.
31 (Case 4; $(\mathrm{i}\mathrm{i})$). $m=1621\equiv 5$ mod 16 , $h_{F}=1,$ $\epsilon=$
$2351907622159+119806883557\omega\equiv-1+\omega$ mod 4.
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32 (Case 4; $(\mathrm{i}\mathrm{i})$ ). $m=1549\equiv 13$ mod 16 , $h_{F}=1,$ $\epsilon=$
329861957297$\cdot$ $+17199418961\omega\equiv 1+\omega$ mod 4.
33. $m=2$ 2 $|a_{\mathfrak{p}}$ . , $K^{\mathfrak{p}}/F$ NIB
, .
4. 2
, $F=\mathbb{Q}(\sqrt{m})$ 2 . , $m\in \mathbb{Z}$ $m<0$
, .
34. $F$ 2 . , $F(1)/F$ NIB
. 7 $F$ ( ) $\mathfrak{m}$ $F(\uparrow \mathfrak{n})/F$
NIB .
34 , 5 . , $h_{F}$ , 10
5 . , $\mathit{0}_{F}$ 10
. , $h_{F}$ genus theory
$m=-1,$ $-2$ $-\ell$ . , $p$ $\equiv 3$ mod 4 .
35. $m:=-1$ $-3$ . $\mathfrak{p}$ $p$ $\mathit{0}_{F}$
. ,
(I) 2 $|a_{\mathfrak{p}}$ , $\mathfrak{p}$ $F/\mathbb{Q}$ ,
, $m=-1$ (resp. $=-3$) $p\equiv 1$ mod 8(resp.
$p\equiv 1$ mod 12) .
(II)2 $|a_{\mathfrak{p}}$ , $K^{\mathfrak{p}}/F$ NIB .
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36. $\mathfrak{p}$ $\mathit{0}_{F}$ , \sim $F/\mathbb{Q}$
. , 2 $|a_{\mathfrak{p}}$ $K^{\mathfrak{p}}/F$ NIB .
37. $m=-2$ , $F/\mathbb{Q}$ $\mathit{0}_{F}$ $\mathfrak{p}$
, 2 $|a_{\mathfrak{p}}$ $I\mathrm{f}^{\mathfrak{p}}/F$ NIB . $m=-\ell,$ $l$ : , $\ell\equiv 3$ mod 4
, :
(2) $p_{0}\equiv 1$ mod 4, $p> \frac{p_{0}-1}{4},$ $( \frac{p}{p_{0}})=1$
$p_{0}$ . , 3 .
38. $(\ell_{p_{0}},)=(11,5),$ $(19,5),$ $(43,13),$ $(67,17),$ $(163,41)$ . ,
$(\ell_{P0},)$ (2) . , 37 G\’omez Ayala and Schertz [7,
Satz 1] .
39. $m\equiv 1$ mod 8 . $\mathfrak{p}$ $p$ $\mathit{0}_{F}$
, $\mathfrak{p}\text{ }.F/\mathbb{Q}$ . , 2 $|a_{\mathrm{P}}\Leftrightarrow p\equiv 1$ mod 4.
2 $|a_{\mathfrak{p}}$ , $K^{\mathfrak{p}}/F$ NIB \acute \supset $\mathfrak{p}$
. , $m=-7$ $p\equiv 1$ mod 4 , $h_{F}=1$ $K^{\mathfrak{p}}/F$
NIB .
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